We study the anomalous proximity effect in diffusive normal metal (DN)/unconventional superconductor junctions, where the local density of states (LDOS) in the DN has a zero-energy peak due to the penetration of the odd-frequency spin-triplet s-wave pairing. In this study, we consider a two-dimensional unconventional superconductor on the substrate in the presence of a Rashba spinorbit coupling (RSOC) λ, where the Rashba vector is parallel with the z-direction. The anomalous proximity effect, originally predicted in spin-triplet p-wave superconductor junctions, is sensitive to the RSOC when the direction of the d-vector is parallel with the z-direction. It disappears with the increase of λ. When the direction of the d-vector is on the xy-plane, the zero-energy surface Andreev bound states (ZESABS) can remain with the increase of λ and an anomalous proximity effect exists even for large λ values. On the other hand, the anomalous proximity effect can be switched on by the large λ values in the spin-singlet dxy-wave superconductor junctions. The resulting zero-energy LDOS and the magnitude of the odd-frequency spin-triplet s-wave pair amplitude increase with the increase of λ.
I. INTRODUCTION
In unconventional superconductors, nodes of the energy gap and the change of the sign of the pair potential (gap function) are generated on the Fermi surface. It is known that the change of the sign of the pair potential produces in-gap zero-energy states localized near the surface, known as surface Andreev bound states (SABSs) [1] [2] [3] [4] [5] . SABS manifests itself as a zero bias conductance peak in quasiparticle tunneling experiments 4, [6] [7] [8] [9] . Nowadays, it is recognized that SABS have deep physical meanings from the aspects of topology and symmetry in condensed matter physics 10 . It is known that the SABS is protected by the topological invariant defined in the bulk Hamiltonian [10] [11] [12] [13] [14] [15] . Thus, unconventional superconductors hosting nodes can be classified as topological superconductors 13, 16, 17 . Besides this property, the SABS has a significant meaning from the aspect of the symmetry of Cooper pairs.
Even if the symmetry of the bulk superconductor has a standard even-frequency pairing, i.e., spin-singlet evenparity or spin-triplet odd-parity 10, 18, 19 , the breaking of translational invariance induces an odd-frequency pairing, i.e., spin-singlet odd-parity or spin-triplet evenparity, due to the mixing of parity [20] [21] [22] . Thus, the SABS always accompanies an odd-frequency pairing due to the breaking of translational invariance in the superconductor [20] [21] [22] . If the symmetry of the bulk superconductor is a spin-singlet d xy -wave, the resulting SABS has an odd-frequency spin-singlet odd-parity (OSO) pairing component 20, 22 . On the other hand, if the symmetry of the bulk superconductor is a spin-triplet p-wave, the resulting SABS exhibits an odd-frequency spin-triplet even-parity (OTE) pairing symmetry 20, 22, 23 . In the latter case, if the superconductor is contacted by a diffusive normal metal (DN), the OTE pairing can penetrate into the DN 23 , as it has an s-wave component, which is robust against impurity scattering. The resulting local density of states (LDOS) in the DN has a zero-energy peak [23] [24] [25] [26] in contrast to the conventional proximity effect, where the LDOS has a gap-like structure around zero energy 27 . This unusual condition is known as anomalous proximity effect [24] [25] [26] 28 . The anomalous proximity effect can occur in a DN/noncentrosymmetric superconductor junction when the spin-triplet pair potential is dominant 29 .
The anomalous proximity effect, triggered by an oddfrequency spin-triplet s-wave pairing, shows several interesting physical properties: i) zero-energy peak of the LDOS in the DN 24, 25, 30, 31 , ii) zero-energy peak of the LDOS at rough surface 32 , iii) zero bias conductance peak in quasiparticle transport in the DN/spin-triplet p-wave superconductor junctions 24, 25, 28 , iv) significant enhancement of the Josephson current at low temperatures in the DN/spin-triplet p-wave superconductor junctions 26 v) paramagnetic Meissner response [33] [34] [35] [36] [37] [38] [39] [40] , and vi) anomalous surface impedance 41 . It has been also shown that the anomalous proximity effect can occur in topologically designed hybrid systems based on conventional spin-singlet s-wave superconductor systems with spin-orbit coupling and Zeeman effect 28, 42, 43 . In addition, there are several studies reporting that odd-frequency pairings appear as a Majorana fermion, which is a special type of SABS in various topological superconducting systems 42, [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . Recently, the anomalous proximity effect has been studied considering the classification of the topological nature of the Hamiltonian 55 .
Although OTE s-wave pairing has been discussed in diffusive ferromagnet (DF)/conventional spin-singlet swave superconductor junctions, it is difficult to realize pure OTE s-wave pairing state in a DF [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] . Conversely, the demonstrated anomalous proximity effect generated by the SABS specific to unconventional superconductors is remarkable, as it can induce a purely odd-frequency pairing or at least a significant amount of it at low energy.
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Thus, it is an interesting to understand the mechanism of effect of several external perturbations on the anomalous proximity. Among these, the spin-orbit coupling is very interesting, as it inevitably exists near the interface or the thin films of superconductor grown on the substrate. Here, we focus on the effect of the Rashba spin-orbit coupling (RSOC) on the anomalous proximity effect. As shown by a study of noncentrosymmetric superconductors, RSOC can mix spin-triplet odd-parity pairing with the spin-singlet even-parity pairing [67] [68] [69] [70] [71] [72] . It is possible that the anomalous proximity effect can be induced even in a spin-singlet d xy -wave superconductor, when an OTE s-wave pairing can be induced from RSOC.
In this paper, we study the anomalous proximity effect of DN/unconventional superconductor junctions by choosing several types of pairings hosting SABS. We choose spin-triplet p x -wave, chiral p-wave helical p-wave, and f -wave pairings for various directions of the d-vector. In addition, we choose a spin-singlet d xy -wave pairing as well. We calculate the surface density of states, the spintriplet s-wave component of the odd-frequency pairing, and the local density of states in the DN attached to superconductors, based on a tight-binding model. The advantage of the tight-binding model is that the direction of the d-vector of spin-triplet superconductor can be chosen easily, compared to the previous circuit theory 24, 73 . For a spin-triplet p x -wave superconductor, as the SABS is fragile against the RSOC 17, 74 , the magnitude of the OTE pairing is reduced and the resulting anomalous proximity effect is weakened by the RSOC. When the d-vector is parallel with the z-axis, the anomalous proximity effect disappears for RSOC with a large magnitude. If the dvector is on the xy-plane, the situation becomes complicated. When the direction of the d-vector is parallel with the x-axis, the zero-energy LDOS in the DN is increased again and the anomalous proximity effect recovers with the increase of the RSOC for the p x -wave case. A similar situation occurs for a chiral p-wave pairing with d yaxis and the helical pairing cases. On the other hand, it is indicated that the anomalous proximity effect can be switched on by the RSOC for spin-singlet d xy -wave superconductor junctions. The magnitude of the LDOS at zero energy in the DN increases with the increase of the RSOC. This indicates that high T C cuprate junctions can be able to detect the anomalous proximity effect.
The organization of this paper is as follows. In Section II, we introduce the model and the Hamiltonian. In Section III, we first show the results obtained numerically of the momentum resolved and averaged surface LDOS for a semi-infinite superconductor. Then, we calculate the LDOS in the DN attached to the superconductor. We also calculate the magnitude of the OTE s-wave component by varying the magnitude of the RSOC. In Section IV, we summarize our results.
II. MODEL AND METHOD
The system we study is a two-dimensional square lattice model with RSOC, which breaks the spin-rotational symmetry and several types of superconducting (SC) order parameters (H SC ) and DN (H DN ) without RSOC junctions. Hamiltonians H SC and H DN are given by
whereσ i (i = 1, 2, 3) is a Pauli matrix,x (ŷ) is a unit vector in the x (y)-direction, and
is an impurity potential in the DN. We set µ/t = −2.4 throught this paper. In the case when we only consider bulk SC with translational invariance, ∆ σ,σ i,j can be Fourier transformed i.e.,
The chosen pair potentials ∆ σ,σ (k) are summarized in Table I . For the spin-singlet case, a d xy -wave pair potential is chosen. On the other hand, for spin-triplet cases, there are several cases depending on the direction of the we aligned the same 20 systems, where each system has L y = 120 sites in the y-direction, as shown in Fig. 2 . We assumed a periodic boundary condition along the ydirection. The DN has L x = 50 sites (−49 ≤ x ≤ 0) in the x-direction and the SC was set to 1 ≤ x.
We calculated the LDOS and the pair amplitude of odd-frequency spin-triplet s-wave by using a recursive Green's function method 75 . We can obtain Green's function of the system with j sites in the x-direction when the Green's function of that with j − 1 site is known, by adding a site to the rightmost end, which can be written asĜ
where H j is a local andt j (k y ) is a non-local part of the Hamiltonian, whileĜ L j,j is the jth site component of the Green's function of a system with j sites. Furthermore, we can obtain the Green's function of the system with j sites by adding a site to the leftmost end aŝ
and the local Green's function composed ofĜ
is given bŷ
Momentum resolved LDOS at x = j is given by
where the trace is taken only in the particle space. The momentum averaged LDOS is given by
where N ky is the number of k y points. We set the Matsubara frequency (ω n ) and the infinitesimally small imaginary value of the retarded Green's function (η) as ω n /t = η/t = 10 −5 . To discuss the relation between the anomalous proximity effect and the odd-frequency spin-triplet s-wave pair amplitude, we calculated its averaged value in the DN region as
with
and N site = N f − N i + 1, where F j,σ,j,σ is an anomalous part of the green's functionĜ j,j . In the case of the DN/SC junction [ Fig. 1(b) ], we used (N i , N f ) = (−39, −10) and to calculate the LDOS in the DN and odd-frequency pair amplitude, we took the average of over 60 samples of random potential. 
III. RESULTS
In this section, we present the numerically obtained results for unconventional superconductor junctions with SABSs. We calculated the LDOS and odd-frequency spintriplet s-wave pairing in the DN for DN/unconventional superconductor junctions. To understand the anomalous proximity effect comprehensively, we also calculated both the momentum resolved and the averaged LDOS at the surface of the unconventional superconductors.
A. Spin-triplet case
The results of the spin-triplet case are shown in Figs. 3-12. The momentum resolved LDOS at surface [x = 1 in Fig. 1(a) ] of the unconventional superconductor are shown in panels (a)-(d). The momentum averaged LDOS, i.e., LDOS, at the surface of the unconventional superconductor are shown in panels (e)-(h). The LDOS in the DN [−49 ≤ x ≤ 0 in Fig. 1(b) ] for the DN/unconventional superconductor junctions are shown in panels (i)-(l).
First, we present the condition, where the anomalous proximity effect is completely suppressed with the increase of the magnitude of the RSOC λ. In this case, the d-vector is parallel with the z-direction, with cases for the p x (z), f (z), and chiral p(z)-wave superconductor, as shown in Figs. 3, 4 , and 5, respectively. For the p x (z)-wave case, the k y -resolved LDOS has an obvious flat-band zero-energy SABS (ZESABS) and the LDOS at the surface of the SC has a zero-energy peak (ZEP) for λ = 0 [ Figs. 3(a) and (e) ]. In addition, the resulting LDOS in the DN has a sharp ZEP, as shown in Fig. 3(i) . After switching on λ, ZESABS splits into two [ Fig. 3(b) ] and the resulting LDOS has a ZEP splitting [ Fig. 3(f) ], as the zero-energy flat-band in the odd-parity superconductor is sensitive to the perturbation which breakes the spin-rotational symmetry 17, 74 . The ZEP of the LDOS in the DN is also suppressed by λ, as shown in Fig. 3(j) . As can be seen in Figs. 3(c) and (d) , for λ ≥ ∆ 0 , the bulk energy gap closes and the LDOS at the surface of the SC and the LDOS in the DN are nearly constant, as a function of the quasiparticle energy E and x [Figs. 3(g), (h), (k), and (l)]. As shown in Fig. 3(l) , the inner gap LDOS is independent of E for all x. This indicates that the proximity effect disappears in the DN.
The obtained results of the LDOS for f (z)-wave [ Fig. 4 ] are similar to those for the p x (z) case. Without RSOC, the momentum resolved LDOS has a flat-band ZESABS and the LDOS has a ZEP at the surface of the SC [Figs. 4(a) and (e)] without λ. In DN, there is a ZEP with a the height smaller than that for the p x (z) case [ Fig. 4(i) ]. The ZESABS splits into two with the increase of the RSOC λ, and the LDOS at the surface has a double peak structure, as shown in Figs For the chiral p(z) case, without RSOC, there are two chiral edge modes of the SABS degenerate at λ = 0, as shown in Fig. 5(a) 76-78 . The LDOS at the surface of the SC is nearly constant as a function of energy E in the energy gap (|E/∆ 0 | ≤ 1), as shown in Fig. 5(e) . The corresponding LDOS in the DN has a ZEP [ Fig. 5(i)] 25,26 . With finite RSOC, the spin degeneracy is lifted and the chiral SABS splits into two [ Fig. 5(b) ]. The LDOS at the surface of the SC and that in the DN at λ/∆ 0 = 0.1 is qualitatively similar to that at λ = 0 [Figs. 5(f) and (j)]. At λ/∆ 0 = 1, the bulk energy gap closes the same way as in the cases of p x (z) and f (z)-wave, and a flat-band such as the SABS appears, as shown in Fig. 5(c) . Thus, the corresponding LDOS has a ZEP [ Fig. 5(g) ]. Although the ZEP of the LDOS at the surface of the SC for λ/∆ 0 = 1 is larger than that of the λ/∆ 0 = 0.1 , the height of the ZEP of the LDOS in the DN for λ/∆ 0 = 1 is smaller than that for λ/∆ 0 = 0.1. For λ/∆ 0 = 50, the momentum resolved LDOS and the LDOS at the surface of the SC and the LDOS in the DN are nearly independent of the energy [Figs. 5(d), (h), and (l)] as same as the p x (z) and f (z) cases. To summarize, in these three cases, the anomalous proximity effect disappears for large λ values.
Next, we discuss the case where a flat or nearly flatband ZESABS appears for a sufficiently large λ value [Figs. 6, 7 , and 8]. Owing to the rotational symmetry of the spin for the p x (x)-wave case, at λ = 0, Figs. 6(a) , (e), and (i) are the same as Figs. 3(a) , (e), and (i). For λ/∆ 0 = 0.1, ZESABS splits into two [ Fig. 6(b) ]; however, the splitting is very small compared to the p x (z) case. The LDOS at the surface of the SC with λ/∆ 0 = 0.1 has a double peak structure [see the inset in Fig. 6(f) ]. Thus, the height of the ZEP of the LDOS in the DN is suppressed [ Fig. 6(j) ]. For λ/∆ 0 = 1, the bulk energy gap closes only at k y = 0 [ Fig. 6(c) ], and the LDOS at the surface of the SC at E = 0 is greatly suppressed, as shown in Fig. 6 (g) . Consequently, the height of the ZEP for the LDOS in the DN is also suppressed, as shown in Fig. 6(k) . However, for λ/∆ 0 = 50, a Fermi surface splitting occurs as indicated by the arrows in Fig. 6(d) . Eventually, a flat-band ZESABS appears between k 1 < |k y | < k 2 [k 1 and k 2 are shown in Fig. 6(d) ]. Reflecting this flat-band ZESABS, the LDOS has a ZEP at the surface of the SC [ Fig. 6(h) ]. It should be noted that the LDOS in the DN has a sharp ZEP [ Fig. 6(l) ].
For the helical p II -wave case, helical edge modes exist, as shown in Figs. 7 (a)-(c) . These edge modes are unaffected by λ for λ ≤ ∆ 0 . It should be noted that although a SABS exists, the resulting LDOS at the surface of the SC has a gap-like structure. As shown is Figs. 7(e), (f), and (g), the line shape of the LDOS is nearly the same and independent of λ. The resulting LDOS in the DN has a broad ZEP, as shown in Figs. 7(i), (j), and (k). For λ/∆ 0 = 50, a Fermi surface splitting occurs, as indicated by the arrows in Fig. 7(d) . A flat-band ZESABS appears between k 1 < |k y | < k 2 [k 1 and k 2 are shown in Fig. 7(d) ]. Owing to these flat-bands, the LDOS at the surface of the SC has a ZEP [ Fig. 7(h) ]. The resulting height of the ZEP of the LDOS in the DN [ Fig. 7(l) ] becomes larger than that for λ/∆ 0 ≤ 1.
The qualitative features of the chiral p(y)-wave case are slightly different from those for the p x (x) and the helical p II cases. For λ = 0, owing to the spin-rotational symmetry, the momentum resolved LDOS, shown in Fig. 8(a) , (e), and (i), is the same as in Figs. 5(a) , (e) ,and (i), respectively. With the increase of λ, the chiral edge mode splits into two and the one of the slope of it is reduced, as shown in Figs. 8(b) , (c), and (d). For λ/∆ 0 = 50 the slope of the SABS from −k 1 to k 1 [k 1 is shown in Fig. 8(d) ] is nearly zero and the zero-energy LDOS at the surface of the SC greatly increases [ Fig. 8(h) ]. The resulting LDOS in the DN has a clear ZEP, as shown in Fig. 8(l) . In these three cases, the anomalous proximity effect is prominent for large RSOC values.
Next, we discuss the group of those pairings, which have helical or chiral edge modes for large RSOC values. The resulting anomalous proximity effect is not very significant in this limit. First, we focus on the p x (y)-wave case. For λ = 0, due to the spin-rotational symmetry, Figs. 9(a) , (e), and (i) are the same as those of the cases for p x (x)-and p x (z)-waves. After switching on the RSOC λ, the flat-band ZESABS splits into two In order to understand the anomalous proximity effect in more detail, we calculated the odd-frequency spintriplet even-parity (OTE) s-wave pair amplitude, shown in Figs. 13-18 . For the p x (z)-and f (z)-wave superconductor junctions, the magnitude of the OTE s-wave pair amplitude, which is very large at λ = 0, decreases with the increase of λ. Its value is seriously suppressed for λ/∆ 0 = 50 where the ZEP in the DN disappears, as shown in Figs. 3(i)-(l) and Figs. 4(i)-(l) .
In the case of the p x (x)-wave superconductor junction [ Fig. 15 ], the OTE s-wave pair amplitude decreases with λ; however, its value at λ/∆ 0 = 50 is larger than that for the p x (z) junction.
For the helical p II -wave superconductor junction [ Fig. 16 ], the OTE s-wave pair amplitude increases as λ increases, which is consistent with the height of the ZEP shown in Figs. 7(i)-(l) . For the chiral p(y)-wave case [ Fig. 16 ], the OTE s-wave pair amplitude also increases as λ increases, and its value at λ/∆ 0 = 50 is much larger than that for the helical p II -wave case. The p x (y)-wave case is similar to that of the p x (x)-wave case. The magnitude of OTE s-wave pair amplitude decreases as λ increases.
B. Spin-singlet case
In this subsection, the spin-singlet d xy -wave superconductor case is presented. Firstly, the momentum resolved LDOS [Figs. 19(a)-(d) ] is discussed. There is flat-band ZESABS, independent of the amplitude of λ, as it is known that the ZESABS generated from an even-parity
FIG. 3. LDOS for px(z) is plotted for several λ/∆0. Momentum resolved LDOS [ρ(E, ky)] is plotted as a function of energy and ky in (a), (b), (c) and (d). LDOS as a function of energy is plotted in (e), (f), (g) and (h)
. LDOS for (a) to (h) are calculated at x = 1 in the system shown in Fig. 1 (a) . ρN is a LDOS with normal state. LDOS in DN (DN is located −49 ≤ x ≤ 0) is plotted as a function of energy and x is plotted in (i), (j), (k) and (l) corresponding to the DN/SC junction shown in Fig. 1  (b) . The figures in the same column have the same λ. The first column is λ = 0, the second column is λ/∆0 = 0.1 the third column is λ/∆0 = 1 and the fourth column is λ/∆0 = 50.
pair potential is robust against the RSOC 17, 74 . It can be seen at λ/∆ 0 = 50, that the Fermi surface splits into two, as indicated by the arrows in Fig. 19(d) , and a flat-band ZESABS exists as well. At λ = 0, the LDOS at the surface of the d xy -superconductor has a ZEP 80 [Fig. 19(e) ] similar to the p x (i)-wave case (i = x, y.z). In the DN region, the LDOS is nearly constant as a function of E and x [ Fig. 19(i) ]. It is known from the theory of proximity effects, that the LDOS is reduced to that in the normal state and the proximity effect is absent 73, 81 ; thus, there is no anomalous proximity effect. The slight energy dependence is due to the finite size effect. A similar behavior also appears for λ/∆ 0 = 0.1 and λ/∆ 0 = 1. However, for large RSOC values (λ/∆ 0 = 50), the LDOS has a ZEP in the DN region [ Fig. 19(l) ], as the OTE s-wave pair amplitude becomes sufficiently large, as shown in Fig. 20 .
IV. SUMMARY
In this paper, we have studied the proximity effect in the DN/superconductor junctions, focusing on the anomalous proximity effect, where the LDOS in the DN has a zero-energy peak. For the spin-triplet superconductor cases, when the direction of the d-vector is parallel with the z-direction, the ZESABS is suppressed by the RSOC λ and the anomalous proximity effect disappears for large λ values, as shown by the p x (z)-, chiral p(z)-, and f (z)-wave superconductor junctions, where the dvector is given by d(k) = sin k xê3 , d(k) = (sin k x + i sin k y )ê 3 , and d(k) = sin k x (cos k x − cos k y )ê 3 , respectively. If the d-vector is on the xy-plane, the condition becomes more complicated. An additional ZESABS appears for large λ values for p x (x)-, chiral p(y)-, and helical p II -wave superconductor junctions, where the d-vector is given by
Another interesting case is the helical p I -and helical f -wave superconductor junction where the d-vector is given by d(k) = (sin k yê1 − sin k xê2 ) and d(k) = (cos k x − cos k y )(sin k yê1 − sin k xê2 ), respectively. This helical p I -wave pair potential is proposed at the oxide interfaces 68, 82 where a Majorana fermion appears, when a Fermi surface splitting occurs 83, 84 . We have shown that the helical edge modes are quite robust against the RSOC. It is remarkable that we can expect anomalous proximity effect in interface-induced superconduct- ing systems.
It should be also noted that the anomalous proximity effect is switched on by the RSOC in spin-singlet d xy -wave superconductor junctions. The resulting zeroenergy LDOS and the magnitude of the odd-frequency spin-triplet s-wave pair amplitude is increased with the increase of the magnitude of λ. This indicates that high T C cuprate junctions can be used to detect the anomalous proximity effect. Our obtained results provide a guide to detect the anomalous proximity effect in unconventional superconductor junctions and topological superconductors. In this paper, we assume that a Rashba spin-orbit coupling exists in the two-dimensional superconductor uniformly along the z-direction, as superconductor is assumed to be thin. In addition to this effect, spin-orbit coupling also exists near the interface, on the plane parallel with the interface 85, 86 . In this case, the direction of the Rashba vector is different. It is also interesting to study this type of spin-orbit coupling.
In this paper, we focus on the localized odd-frequency pairing accompanied by the SABS, which is generated by the symmetry breaking from the bulk conventional even-frequency pair potential. On the othe hand, sev- to study proximity effects in the DN/TCKL system. In this section we check the size and the number of sample dependence of LDOS at the center of DN (x = −L x /2) for d xy pairing.
In Fig. 21 , we plot LDOS at zero energy averaged over 12 and 60 samples as a function of 1/L y . As we can see in this figure, the extrapolated value of the ZEP for L y → ∞ is much larger than the background value (∼ 0.2). In the inset of Fig. 21 , we plot the corresponding standard deviation. Although the magnitude of the standard deviation is not small, it decreases with the increase of L y . In Fig. 22 , we plot the value of ZEP of LDOS as a function of the number of samples. The height of ZEP is almost independent of the number of samples. The value of standard deviation for L y = 200 is slightly smaller than that for L y = 100.
We also check L x dependence of LDOS at the center of DN. In Fig. 23 , we change L x from 10 to 100 and plot LDOS at x = −L x /2. Although, it is difficult to estimate the peak width of LDOS due to the large value of standard deviation, it decreases with the increase of L x . 
